Discrete Schrodinger Bridges with Applications to

Two-Sample Homogeneity Testing

Zaid Harchaoui, Lang Liu, Soumik Pal

University of Washington

December 13, 2021

At ¢
u i (
1 X
n 'S
Institute for Foundations of Data Science P o
oy



Discrete Schrodinger Bridge

Team

P

Zaid Harchaoui Lang Liu

HLP (UW) December 13, 2021



Discrete Schrodinger Bridge

Monge-Kantorovich Optimal Transport

» ¢ nonnegative cost function such that ¢(x, y) = 0iff x = y.
» CP(P, Q) the set of couplings (joint distributions) with marginals P and Q.

Cot(P, Q) = veclg(fa " / c(x, y)dy(x, y).
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Discrete Schrodinger Bridge

Empirical Optimal Transport

» {Xi}"_, and {Y;}!_, two i.i.d. samples from P and Q.
> Ppi=1%"" 6x and Q,:= 13" &y, empirical distributions.

" n

Cot(Pn, Q,) :=  min /c(x, y)dvy(x, y).

'YECP(PIHQH)

> 6OT converges to Cot (Dudley '69, Weed & Bach ’17, Sommerfeld & Munk *18, etc.)

Two challenges:
» The curse of dimensionality E ]éOT - COT} = 0(n~V/9).

» Computational complexity O(n?).
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Discrete Schrodinger Bridge

The Schrodinger Bridge Problem and Entropy-Regularized OT

The Schrédinger bridge problem in continuum (Follmer 88, Léonard ’12)

» Assume P and Q are densities,

pisg i= argmin [/ c(x,y)dv(x,y) +eH(7)|
veCP(P,Q)

where H(v) = [ log~y(x, y)dv(x, y) if v has a density and oo otherwise.

» Easier to estimate both statistically and computationally.

f(ylz) o< exp(—ze(,y))

»
Ld
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Discrete Schrodinger Bridge

Discrete Schrodinger Bridge

Discrete Schrodinger bridge (DSB)

n

fisg = Z qSB(U)%Z(s(XhYU;)’

o€Perm i=1

where

m\—n

gss (o) o< exp < Zc Xi, Yo, ) .
i=1

f(ylz) o< exp(—ze(,y))

3
>
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Discrete Schrodinger Bridge

Main Results

Let fiss = 3, @s6(0) s 0 8xv,,) and Csp = 3, gsn(0)h S0, c(X;, Vo).
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Discrete Schrodinger Bridge

Main Results

Let fiss = 3_, 4s8(0) 5 Do7=y S(x;,v,,) and Csg == 3=, gss(0) 5 o7y <(Xi, Yor).

Take any functionn € L'(usg). Under appropriate assumptions,

n

N 1 _
To(n) == /nduss => 9s(0)— > n(Xi, Ye,) = /nduss + Lo+ op(n 7).

i=1
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Discrete Schrodinger Bridge

Main Results

Let fiss = 3_, 4s8(0) 5 Do7=y S(x;,v,,) and Csg == 3=, gss(0) 5 o7y <(Xi, Yor).

Take any functionn € L'(usg). Under appropriate assumptions,

n

N 1 _
To(n) == /nduss => 9s(0)— > n(Xi, Ye,) = /nduss + Lo+ op(n 7).

i=1

> L, = Op(n_1/2) — weak convergence of [isp.
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Discrete Schrodinger Bridge

Main Results

Let fiss = 3_, 4s8(0) 5 Do7=y S(x;,v,,) and Csg == 3=, gss(0) 5 o7y <(Xi, Yor).

Take any functionn € L'(usg). Under appropriate assumptions,

n

N 1 _
To(n) == /nduss => 9s(0)— > n(Xi, Ye,) = /nduss + Lo+ op(n 7).

i=1

> L, = Op(n_1/2) — weak convergence of [isp.
> /nL, = Z where Z is mean-zero normal — limit law of \/n(Csg — Csg).
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Discrete Schrodinger Bridge

Main Results

Let fis := 32, s8(0) 5 i1 O(x,.v,,) and Cs =3, qsa(0) 1 o7 c(Xi, Yor,).

Take any functionn € L'(usg). Under appropriate assumptions,

n

1
To(n) == /ndﬁss = Z qSB(U); ZU(Xi, Ys,) = /Uduss + L+ Qn -+ a(nT").

i=1
» {Z} and {Z]} are independent standard normals.
» nQ, < Zk,[21[akleZ[/ + bu(ZkZi — Wk =1}) + Ck[(Z;(Z; — 1{k=1})].
> Limit law ofn(a'gg — Csg— L,).
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Discrete Schrodinger Bridge

Discrete Entropy-Regularized Optimal Transport

Sinkhorn distance (Cuturi ’13, Ferradans et al. *14)

fieor = argmin {/C(x,y)d'y(x7y)+€Ent(7) ;
YECP(Py,Qn)

where Ent(y) := 37, v(Xi, Y}) log 7(X;, Y;) (negative Shannon entropy).
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Discrete Schrodinger Bridge

Discrete Entropy-Regularized Optimal Transport

Sinkhorn distance Discrete Schrodinger bridge
. €
min dv + cEnt , i d — Ent ,
’YECP(IPan) |:/ ca (7):| qe'ggFl’grm) |:/ © + n n (q)

Ent(y) 1= 220 = v (X0 Y log v(Xi Yy g =32, q(0) 1 321 dxvi)-
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Discrete Schrodinger Bridge

Discrete Entropy-Regularized Optimal Transport

Sinkhorn distance Discrete Schrodinger bridge

min [/cdy—l—sEnt(ﬁ/)}, min Ucd%+iEnt(q) ,

YECP(Pa,Qn) qEP(Perm)

Ent(y) 1= 220 = v (X0 Y log v(Xi Yy g =32, q(0) 1 321 dxvi)-

Consistency Limit Law Computation
Transport cost Transport plan First order Second order Stable for small ¢
Sinkhorn Yes Pooladian & Weed 21 Yes Unknown No
DSB Yes Yes Yes Yes Yes

[Refs] Bigot et al. ’19, Klatt et al 19, Genevay et al. ’19, Mena & Weed ’19, etc.
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Discrete Schrodinger Bridge

Comparison of the Optimal Couplings

» Fix n = 100 and consider P = Exp(2) and Q = Exp(3).
» Visualize the transport map as € decreases.

DSB Sinkhorn
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Discrete Schrodinger Bridge

Two-Sample Testing

Two-sample testing on MNIST
» OT cost between two images.

» ¢ € {0.01,1,100}.

DSB provides a powerful test that is robust to €.
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Thank you!

OTML paper: langliu95.github.io/files/OTML2021-eot.pdf
Longer version: arxiv.org/abs/2011.08963



Appendix

Schrodinger’s Lazy Gas Experiment

Figure: Left: high temperature; Right: low temperature.

HLP (UW) December 13, 2021 1/8



Appendix

The Schrodinger Bridge Problem and Entropy-Regularized OT

The Schrédinger bridge problem in continuum (F6llmer ’88, Léonard 12)

» A particle making jumps according to

flxy) = o exp (—;c(x, y)> |

Z.(x)

» Observe initial and terminal configurations P and Q.

» What is the most likely coupling between P and Q?

fe(x,)
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Appendix

The Schrodinger Bridge Problem and Entropy-Regularized OT

The Schrédinger bridge problem in continuum (F6llmer ’88, Léonard 12)
» Consider a Markov chain with initial distribution P and transition probability f-.

» The joint distribution is

Re(x,y) == P(x)fe(x, y)-
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Appendix

The Schrodinger Bridge Problem and Entropy-Regularized OT

The Schrédinger bridge problem in continuum (F6llmer ’88, Léonard 12)

» Consider a Markov chain with initial distribution P and transition probability f-.
» The joint distribution is

Re(x,y) == P(x)fe(x, y)-

» Conditioned on the initial and terminal configurations being P and Q,

ss = argmin KL(7|R.) = argmin [ [enmen+ene]. @
+eCP(P,Q) ~eCP(P,Q)

where H(v) = [logy(x, y)dvy(x, y) if v has a density and oo otherwise.
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Appendix

Gibbs Sampling for the Discrete Schrodinger Bridge

Algorithm 1 Gibbs sampling for the Schrodinger bridge statistic
1: Input: samples { X;}i-; and {Y;}i—,, functions c and &, burn-in B and number of iterations L.
2: Initialization: ¢(® « id.
3: fort=0,...,L—1do

4:  Randomly select i # j € [n].
5: Compute 7 < exp {[C(Xi, Yagt)) + C(Xj,Ya(t)) — (X, YJ@)) — C(Xj,Yg(t) )}/6}
i p p i
6: Generate a ~ Bern(r/(1 +r)).
7 if a= 1 then
8: Obtain 1) from o(*) by swapping the entries o) and a](rt)A
9: else
10: Set c+Y 5.
11: end if
12: end for

13: Output: T« L5 30 o) Le(X,Y, ).
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Appendix
Examples

Set c(x,y) = [lx -y

Example 3

Let P = Ny(p1,X1) and Q = Ny(puz, X2), then the cost of the population SCB reads

2\ ¢
Hm—uz||2+Tr(z1)+Tr(zz)—zTr<<21/22221/2+mld> —Jda)- @

Example 4
Let P be a density on R? and Q = P % N(0, £14), then the population SCB and its cost read

1 1 ed
() = P e (<L Ix—yF) and cw=5. @

e
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Appendix

Convergence of the Transport Cost

Goal: explore the convergence empirically.

> Set c(x,y) = ||x — y||* and € = 0.1.

» Generate independent samples {X;}"_, "¢ p and {vitr, "
(@) P=N(0,1)and Q = N(0,1).
(b) P=0.5M(—1,0.3) + 0.5A(1,0.3) and Q = P N/(0, 0.5¢).
(c) P=Exp(1)and Q= P« N(0,0.5¢).

» Plot 653 = de,aSB, (A:EOT = de,aEOT, and CSB = de,LLSB.
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Appendix

Convergence of the Transport Cost

(€)) (b) ©
0.10 4 0.050 - m v — — — — —
0,09 \ 0.053 0.048 |
0.046 1
"g 0.08 0.052
QO 0071 \ 0.044
0.051
N 0.042 1
0.06 e~
TBBl | .050 | AN TSy | (04
0.05 | s = o 5 o — — —
Z(IJO 460 660 860 10‘00 260 4(I)0 6(I)0 860 10‘00 260 460 660 860 10I00
Sample size Sample size Sample size
—o— Discrete SCB Discrete EOT == Population SCB

Figure: Cost versus sample size with € = 0.1.
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Appendix

Measuring the Distance Between Probability Distributions

» Optimal transport distance:

Cor(P,Q) = inf / c(x, y)dv(x,y).

veCP(P,Q)

» Transport cost of the Schrédinger bridge:
Csp(P, Q) = / c(x, y)dpuss(x; y)-
» Centered cost of the Schrédinger bridge:
Csn(P, Q) 1= Csn(P, Q) — 5 Csn(P, P) = - Csn(Q, Q).
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