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Motivating Examples—Two-Sample Problem

How similar are the generated

images and real images?

Is there a distribution shift

as Tay interacts with users?

Real images Generated images
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Motivating Examples—Generative Adversarial Networks

Forward transformation

to generate data

Backpropagation of

the divergence loss

Random noise

Generated images

Real images

Approximate some divergence between

generated and real images

Loss

Backpropagation of

the divergence loss
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Probability Metrics

Information divergence
I Kullback-Leibler (KL) divergence

KL(P‖Q) :=

∫
log

dP
dQ

dP.

I f -divergence

Df (P‖Q) :=

∫
f
(
dP
dQ

)
dQ.

. f (t) = t log t −→ KL divergence.

. f (t) = 1
2 |t − 1| −→ total variation

distance.

Optimal transport distance

COT(P,Q) := inf
γ∈CP(P,Q)

∫
c(x, y)dγ(x, y).

I c ≥ 0 cost and CP(P,Q) couplings.
I c(x, y) = ‖x − y‖p −→Wp

p(P,Q).

Liu (UW) December 1, 2021 3 / 27



Introduction Part I Part II Part III Part IV

Probability Metrics

Information divergence
I Kullback-Leibler (KL) divergence

KL(P‖Q) :=

∫
log

dP
dQ

dP.

I f -divergence

Df (P‖Q) :=

∫
f
(
dP
dQ

)
dQ.

. f (t) = t log t −→ KL divergence.

. f (t) = 1
2 |t − 1| −→ total variation

distance.

Optimal transport distance

COT(P,Q) := inf
γ∈CP(P,Q)

∫
c(x, y)dγ(x, y).

I c ≥ 0 cost and CP(P,Q) couplings.
I c(x, y) = ‖x − y‖p −→Wp

p(P,Q).

Liu (UW) December 1, 2021 3 / 27



Introduction Part I Part II Part III Part IV

Outline

Part I. The Statistical Behavior of Entropy-Regularized Optimal Transport.
I Review the Schrödinger bridge problem.
I Establish consistency and limiting distributions for the discrete Schrödinger bridge.

Part II. The Sample Complexity of Statistical Evaluation for Generative Models.
I Review divergence frontiers.
I Establish non-asymptotic bounds for the empirical estimator.

Part III. Score-Based Change Detection for Gradient-Based Learning Machines.

Part IV. Next Steps.
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Optimal Transport Distance

I c nonnegative cost function such that c(x, y) = 0 i� x = y .
I CP(P,Q) the set of couplings (joint distributions) with marginals P and Q.

COT(P,Q) := inf
γ∈CP(P,Q)

∫
c(x, y)dγ(x, y).
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Empirical Optimal Transport

I {Xi}ni=1 and {Yi}ni=1 two i.i.d. samples from P and Q.
I Pn := 1

n

∑n
i=1 δXi and Qn := 1

n

∑n
i=1 δYi empirical distributions.

ĈOT(Pn,Qn) := min
γ∈CP(Pn,Qn)

∫
c(x, y)dγ(x, y).

I ĈOT converges to COT (Dudley ’69, Sommerfeld & Munk ’18, del Barrio & Loubes ’19, etc.)

Two challenges:
I The curse of dimensionality E

∣∣ĈOT − COT
∣∣ = O(n−1/d).

I Computational complexity O(n3).
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I ĈOT converges to COT (Dudley ’69, Sommerfeld & Munk ’18, del Barrio & Loubes ’19, etc.)

Two challenges:
I The curse of dimensionality E
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The Schrödinger Bridge Problem and Entropy-Regularized OT

The Schrödinger bridge problem (Schrödinger ’32, Föllmer ’88, Léonard ’12)
I Assume P and Q are densities,

µSB := arg min
γ∈CP(P,Q)

[∫
c(x, y)dγ(x, y) + εH(γ)

]
,

where H(γ) =
∫

log γ(x, y)dγ(x, y) if γ has a density and∞ otherwise.
I Easier to estimate both statistically and computationally.

increasing ε
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Discrete Schrödinger Bridge (DSB)

Transport plan Transport cost

Monge map µ̂σ := 1
n

∑n
i=1 δ(Xi,Yσi )

Ĉσ := 1
n

∑n
i=1 c(Xi,Yσi )

Empirical OT µ̂OT :=
∑
σ qOT(σ)µ̂σ ĈOT :=

∑
σ qOT(σ)Ĉσ

DSB µ̂SB :=
∑
σ qSB(σ)µ̂σ ĈSB :=

∑
σ qSB(σ)Ĉσ

qOT(σ) =

{
1 if σ minimizes Ĉσ
0 otherwise

qSB(σ) ∝ exp
(
−n
ε
Ĉσ
)

0.75 0.80 0.85 0.90 0.95 1.00
Cost

0.0

0.2

0.4

0.6

0.8

1.0

W
ei

gh
t

qOT
qSB
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Main Results

Let µ̂SB :=
∑

σ qSB(σ) 1
n

∑n
i=1 δ(Xi ,Yσi )

and ĈSB :=
∑

σ qSB(σ) 1
n

∑n
i=1 c(Xi,Yσi).

Theorem 1

Take any function η ∈ L1(µSB). Suppose {(Xi,Yi)}ni=1
i.i.d.∼ µSB and other assumptions,

Tn(η) :=

∫
ηdµ̂SB =

∑
σ

qSB(σ)
1
n

n∑
i=1

η(Xi,Yσi) =

∫
ηdµSB + Ln + op(n−1/2).

I Ln = Op(n−1/2) −→ weak convergence of µ̂SB.
I
√
nLn � Z where Z is mean-zero normal −→ limit law of

√
n(ĈSB − CSB).
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and ĈSB :=
∑

σ qSB(σ) 1
n

∑n
i=1 c(Xi,Yσi).

Theorem 1

Take any function η ∈ L1(µSB). Suppose {(Xi,Yi)}ni=1
i.i.d.∼ µSB and other assumptions,

Tn(η) :=

∫
ηdµ̂SB =

∑
σ

qSB(σ)
1
n

n∑
i=1

η(Xi,Yσi) =

∫
ηdµSB + Ln + op(n−1/2).

I Ln = Op(n−1/2) −→ weak convergence of µ̂SB.

I
√
nLn � Z where Z is mean-zero normal −→ limit law of

√
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n(ĈSB − CSB).

Liu (UW) December 1, 2021 9 / 27



Introduction Part I Part II Part III Part IV

Main Results

Let µ̂SB :=
∑

σ qSB(σ) 1
n

∑n
i=1 δ(Xi ,Yσi )

and ĈSB :=
∑

σ qSB(σ) 1
n

∑n
i=1 c(Xi,Yσi).

Theorem 2

Take any function η ∈ L1(µSB). Suppose {(Xi,Yi)}ni=1
i.i.d.∼ µSB and other assumptions,

Tn(η) :=

∫
ηdµ̂SB =

∑
σ

qSB(σ)
1
n

n∑
i=1

η(Xi,Yσi) =

∫
ηdµSB + Ln +Qn + op(n−1).

I {Zk} and {Z ′k} are independent standard normals.
I nQn �

∑
k,l≥1[aklZkZ ′l + bkl(ZkZl − 1{k = l}) + ckl(Z ′kZ

′
l − 1{k = l})].

I Limit law of n(ĈSB − CSB − Ln).
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Previous Work

Orthogonal decomposition of permutation symmetric statistics (Hoe�ding ’48)

T := T (X1, . . . ,Xn) = θ +
1
n

n∑
i=1

f1(Xi)︸ ︷︷ ︸
U1

+
1

n(n− 1)

∑
i 6=j

f2(Xi,Xj)︸ ︷︷ ︸
U2

+ · · ·

I E[(T − θ)2] = E[U2
1 ] + E[U2

2 ] + · · · .

I For a fixed order k (Rubin & Vitale ’80),

E[U2
k ] = O(n−k) and nk/2Uk →d Gaussian chaos of order k.

I Increasing order statistic (Dynkin & Mandelbaum ’83)
n∑

k=0

nk/2Uk →d eZ−
1
2 E[Z 2].
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Our Work

Orthogonal decomposition of the DSB under paired sample {(Xi,Yi)}ni=1
i.i.d.∼ µSB.

Tn(η) =
n∑

k=0

Uk ,

where U0 =
∫
ηdµSB,U1 = Ln,U2 = Qn. Moreover

E[(Tn(η)− U0 − U1 − U2)2] = O(n−3).

Order Weak convergence L2 convergence

RV ’80 Fixed Yes Yes

DM ’83 Increasing Yes No

Our work Increasing Yes Yes
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Discrete Entropy-Regularized Optimal Transport

Discrete entropy-regularized optimal transport (EOT) (Cuturi ’13, Ferradans et al. ’14)

µ̂EOT = arg min
γ∈CP(Pn,Qn)

[∫
c(x, y)dγ(x, y) + εEnt(γ)

]
, (1)

where Ent(γ) :=
∑n

i,j=1 γ(Xi,Yj) log γ(Xi,Yj) (negative Shannon entropy).

Consistency Limit Law Computation
Transport cost Transport plan First order Second order Stable for small ε

Sinkhorn Yes Unknown Yes Unknown No

DSB Yes Yes Yes Yes Yes
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Comparison of the Optimal Couplings

I Fix n = 100 and consider P = Exp(2) and Q = Exp(3).
I Visualize the transport map as ε decreases.

DSB discrete EOT
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Simulation Results for Two-Sample Testing

Two-sample testing for P = N (0, 1) and Q = N (µ, 1).
I DSB and discrete EOT with c(x, y) = ‖x − y‖2 and ε.

I Maximum mean discrepancy (Gre�on et al. ’12) with kernel k(x, y) = exp(−‖x−y‖
2

ε ).

DSB provides a powerful test that is robust to ε.

0.0 0.5 1.0 1.5 2.0
µ

0.0

0.2

0.4

0.6

0.8

1.0

Po
w

er

DSB

0.0 0.5 1.0 1.5 2.0
µ

Discrete EOT

0.0 0.5 1.0 1.5 2.0
µ

MMD

ε = 0.01 ε = 1.0 ε = 100.0
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Image and Text Generation

…the techniques we used when cleaning

out my mom’s fabric stash last week…


I had a great deal of décor management 
and was able to stash the excess 

items away for safekeeping.

…the techniques we used when cleaning

out my mom’s fabric stash last week…

Next, you need to get a small, sharp 

knife. I like to use a small, sharp 
knife. I like to use a small, sharp knife.

High quality but low variety Low quality but high variety
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Type I and Type II Costs in Generative Modeling

Support of

human or

real data

Distribution of

artificial or


generated data

Support of

artificial or


generated data

Distribution of

human or

real data

Type I cost Type II cost

How to quantify them?
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Type I and Type II Costs in Generative Modeling

Support of

human or

real data

Distribution of

artificial or


generated data

Support of

artificial or


generated data

Distribution of

human or

real data

Type I cost Type II cost

KL(Q∥P) KL(P∥Q)
: real data distribution


: generated data distribution
P

Q
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Divergence Frontiers for Generative Models

I Divergence frontiers: let Rλ := λP + (1− λ)Q and

F(P,Q) := {(KL(Q‖Rλ),KL(P‖Rλ)) : λ ∈ (0, 1)} .
I Applications in vision (Sajjadi et al. ’18, Kynkäänniemi et al. ’19, Djolonga et al. ’20).
I Applications in natural language processing (Pillutla et al. ’21).

KL(Q‖Rλ)

K
L

(P
‖R

λ
)

Rλ = λP + (1− λ)Q

4
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Statistical Summary of Divergence Frontiers

I The linearized cost (λ-skew Jensen-Shannon divergence)

Lλ(P,Q) := λKL(P‖Rλ) + (1− λ)KL(Q‖Rλ).

I Frontier integral—a statistical summary

FI(P,Q) := 2
∫ 1

0
Lλ(P,Q)dλ.

. Symmetric f -divergence.

. Taking values in [0, 1].

. The smaller FI is the be�er the model is.
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Estimation Procedure of Divergence Frontiers

Continuous Distribution Quantized Distribution Empirical Estimator
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Estimation Procedure of Divergence Frontiers

Continuous Distribution Quantized Distribution Empirical Estimator

1. How to select the

quantization level ?k

2. Can we do better than the

naïve empirical estimator?

3. How many data are needed to achieve a good accuracy?
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Main Results

Theorem 3
Assume that P and Q are discrete with k = max{|Supp(P)|, |Supp(Q)|}. With probability at
least 1− δ,

∣∣FI(P̂n, Q̂n)− FI(P,Q)
∣∣ .√ log 1/δ

n
+

√
k
n

+
k
n
. (2)
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Main Results

Theorem 4
For arbitrary P and Q and any k > 1, there exists a partition Sk of size k such that

E
∣∣FI(P̂Sk ,n, Q̂Sk ,n)− FI(P,Q)

∣∣ .√k
n

+
k
n

+
1
k
. (3)

Optimizing the upper bound suggests k ∝ n1/3.
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Main Results

Add-constant estimator: P̂n,b(x) ∝ |{i : Xi = x}|+ b.

Theorem 5

Let P̂Sk ,n,b be the add-b estimator of P. Then

E
∣∣FI(P̂Sk ,n,b, Q̂Sk ,n,b)− FI(P,Q)

∣∣ . √nk + bk
n + bk

+
1
k
. (4)
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Experimental Results

Goal: Investigate smoothed distribution estimators on image and text data.
I Train a StyleGAN (deep generative model) on CIFAR-10 (image classification).
I Train a GPT-2 (deep language model) on Wikitext-103 (articles on Wikipedia).

Missing-mass adaptive smoothing improves the estimation accuracy.
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Score-Based Change Detection for Gradient-Based Learning Machines

Auto-test
I Score function: S(θ) := −∇θKL(Pθ0‖Pθ).
I Score statistic: quadratic form of Sn(θ).
I Component screening.
I Di�erentiable programming.
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Score-Based Change Detection for Gradient-Based Learning Machines

Auto-test
I Score function: S(θ) := −∇θKL(Pθ0‖Pθ).
I Score statistic: quadratic form of Sn(θ).
I Component screening.
I Di�erentiable programming. OR
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<latexit sha1_base64="Dncp6McfChfAeOvPb3yrxJEK4zw=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl047KKfUAby2Q6aYdOJmHmRi0h/+HGhSJu/Rd3/o3TNgttPTBwOOce7p3jx4JrdJxvq7C0vLK6VlwvbWxube+Ud/eaOkoUZQ0aiUi1faKZ4JI1kKNg7VgxEvqCtfzR1cRvPTCleSTvcBwzLyQDyQNOCRrp/raXdpE9YWryWdYrV5yqM4W9SNycVCBHvVf+6vYjmoRMIhVE647rxOilRCGngmWlbqJZTOiIDFjHUElCpr10enVmHxmlbweRMk+iPVV/J1ISaj0OfTMZEhzqeW8i/ud1EgwuvJTLOEEm6WxRkAgbI3tSgd3nilEUY0MIVdzcatMhUYSiKapkSnDnv7xImidV96x6enNaqV3mdRThAA7hGFw4hxpcQx0aQEHBM7zCm/VovVjv1sdstGDlmX34A+vzB1kWkxQ=</latexit>

Rlin

<latexit sha1_base64="qCvZPecZeXoJWq+fLGbho9Q1OK4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIUY9FLx4r2A9oQthst+3SzSbsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6DhVlLVpLGLVC4lmgkvWBg6C9RLFSBQK1g0nd3O/+8SU5rF8hFnC/IiMJB9ySsBIgV31Es2DzAM2hUxTIvM8sGtO3VkArxO3IDVUoBXYX94gpmnEJFBBtO67TgJ+RhRwKlhe8VLNEkInZMT6hkoSMe1ni9tzfG6UAR7GypQEvFB/T2Qk0noWhaYzIjDWq95c/M/rpzC88TMukxSYpMtFw1RgiPE8CDzgilEQM0MIVdzciumYKELBxFUxIbirL6+TzmXdvao3Hhq15m0RRxmdojN0gVx0jZroHrVQG1E0Rc/oFb1ZufVivVsfy9aSVcycoD+wPn8AGy6VJQ==</latexit>

 scan

<latexit sha1_base64="CWlmVrpzBnBf3z2NMdslNm0Y590=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpypBCDhWcOFYJPqQ2ihyXKe16jiRvQGqkE/hwgGEuPIl3Pgb3DYHaBlppdHMrr07QSK4Bsf5tkorq2vrG+XNytb2zu6eXd1v6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnG11O/c8+U5rG8g0nCvIgMJQ85JWAk3672E839rA/sETLzSJ77ds2pOzPgZeIWpIYKNH37qz+IaRoxCVQQrXuuk4CXEQWcCpZX+qlmCaFjMmQ9QyWJmPay2eo5PjbKAIexMiUBz9TfExmJtJ5EgemMCIz0ojcV//N6KYSXXsZlkgKTdP5RmAoMMZ7mgAdcMQpiYgihiptdMR0RRSiYtComBHfx5GXSPq275/Wz27Na46qIo4wO0RE6QS66QA10g5qohSh6QM/oFb1ZT9aL9W59zFtLVjFzgP7A+vwBWlOUuQ==</latexit>

 lin

<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="U23hhVf5U6bJ2hP3bbfRoMLQUkU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9C0YvHCqYW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8etUySacZ9lshEt0NquBSK+yhQ8naqOY1DyR/D0e3Mf3zi2ohEPeA45UFMB0pEglG0kj8i16TWK1fcqjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQUTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSatW9S6q9ft6pXGTx1GEEziFc/DgEhpwB03wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A3UPjc8=</latexit>
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Score-Based Change Detection for Gradient-Based Learning Machines

Auto-test
I Score function: S(θ) := −∇θKL(Pθ0‖Pθ).
I Score statistic: quadratic form of Sn(θ).
I Component screening.
I Di�erentiable programming. OR

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

<latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

<latexit sha1_base64="hcrWzhDFAz4rBh8HinVQgssj26w=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoioh6LXjxWsR/QhrDZbtqlm03YnYg15Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkorq2vrG+XNytb2zm7V3ttv6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnG11O/88CU5rG8h0nCvIgMJQ85JWAk367e+Vkf2CNkmhKZ575dc+rODHiZuAWpoQJN3/7qD2KaRkwCFUTrnusk4GVEAaeC5ZV+qllC6JgMWc9QSSKmvWx2eI6PjTLAYaxMScAz9fdERiKtJ1FgOiMCI73oTcX/vF4K4aWXcZmkwCSdLwpTgSHG0xTwgCtGQUwMIVRxcyumI6IIBZNVxYTgLr68TNqndfe8fnZ7VmtcFXGU0SE6QifIRReogW5QE7UQRSl6Rq/ozXqyXqx362PeWrKKmQP0B9bnD5Ark7E=</latexit>
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Rlin
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Introduction Part I Part II Part III Part IV

Score-Based Change Detection with Nuisance Parameters

Pre-changeMθ0,η0 and post-changeMθ0+∆,η0 .
I Goodness-of-fit test with finite dimensional nuisance (e.g., Chaudhuri et al. ’10).
I Allow infinite dimensional nuisance.

I Neyman orthogonal score S(X ,Y ; θ, η).
I Double/debiased machine learning estimator θn (Chernozhukov et al. ’18):
I Asymptotic guarantees under the null and alternatives.
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Part IV. Next Steps



Introduction Part I Part II Part III Part IV

Next Steps

1. Theoretical results for DSB under the product measure.

I Prove the limit law in Theorem 1 for {(Xi,Yi)}ni=1
i.i.d.∼ ρ0 ⊗ ρ1.

I Generalize the results in (Dynkin & Mandelbaum ’83) to the two-sample case.

2. Measuring independence with probability metrics.
I D(PXY , PX ⊗ PY ), e.g., mutual information.
I Learning with multi-modal data, e.g., CLIP (Radford et al. ’21).
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Thank You
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Appendix

Comparison Between KL Divergence and Wasserstein-2 Distance
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Appendix

Comparison Between KL Divergence and Wasserstein-2 Distance

Let P = Nd(µ1, σ
2Id) and Q = Nd(µ2, σ

2Id). We have

KL(P‖Q) =
1

2σ2 ‖µ2 − µ1‖2

W2
2(P,Q) = ‖µ1 − µ2‖2 .

I If σ is large, KL(P‖Q) can be arbitrarily small no ma�er how large ‖µ1 − µ2‖ is.
I If σ is small, KL(P‖Q) can be arbitrarily large no ma�er how small ‖µ1 − µ2‖ is.
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Appendix

Characterization of the Schrödinger Bridge

∃ functions a and b (Csiszar ’75, Rüschendorf & Thomsen ’93) such that

µSB(x, y)
a.s.
= ξ(x, y)P(x)Q(y),

where ξ(x, y) := exp
(
− 1
ε (c(x, y)− a(x)− b(y))

)
, and∫

ξ(x, y)Q(y)dy a.s.
= 1 and

∫
ξ(x, y)P(x)dx a.s.

= 1.

Markov transition kernels.
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Appendix

Discrete Schrödinger Bridge under the Product Measure

We have Tn(h)−
∫
ηdµSB − Ln −Qn = Un

Dn
, where EP⊗Q [U2

n] = o(n−2) and

Dn :=
1
n!

∑
σ∈Perm

n∏
i=1

ξ(Xi,Yσi).

Theorem 6
Under appropriate assumptions, it holds that

Dn →d D ∝ exp

{ ∞∑
k=1

[−ak(Z 2
k + (Z ′k)2) + bkZkZ

′
k ]

}
,

where {Zk} and {Z ′k} are independent standard normals.
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Appendix

Score-Based Change Detection with Nuisance Parameters

Let S be the Neyman orthogonal score and consider the score statistic

Rn(τ) :=
n2

τ(n− τ)
Ŝ>τ+1:nÎ−1

1:n Ŝτ+1:n,

where

Ŝτ+1:n :=
n∑

i=τ+1

S(Xi,Yi; θn, ηn) and Î1:n :=
n∑

i=1

S(Xi,Yi; θn, ηn)S(Xi,Yi; θn, ηn)>.

Theorem 7
For any τn such that τn/n→ λ ∈ (0, 1), we have Rn(τn)→d χ

2
d under H0 and

1
n− τn

Ŝτn+1:n →p C > 0 under H1.
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Appendix

Schrödinger’s Lazy Gas Experiment

Figure: Le�: high temperature; Right: low temperature.
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Appendix

The Schrödinger Bridge Problem and Entropy-Regularized OT

The Schrödinger bridge problem in continuum (Föllmer ’88, Léonard ’12)
I A particle making jumps according to

fε(x, y) :=
1

Zε(x)
exp

(
−1
ε
c(x, y)

)
.

I Observe initial and terminal configurations P and Q.
I What is the most likely coupling between P and Q?

P

fε(x, y)

Q
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Appendix

The Schrödinger Bridge Problem and Entropy-Regularized OT

The Schrödinger bridge problem in continuum (Föllmer ’88, Léonard ’12)
I Consider a Markov chain with initial distribution P and transition probability fε.
I The joint distribution is

Rε(x, y) := P(x)fε(x, y).

I Conditioned on the initial and terminal configurations being P and Q,

µSB := arg min
γ∈CP(P,Q)

KL(γ‖Rε) = arg min
γ∈CP(P,Q)

[∫
c(x, y)dγ(x, y) + εH(γ)

]
, (5)

where H(γ) =
∫

log γ(x, y)dγ(x, y) if γ has a density and∞ otherwise.
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Appendix

First Order Chaos

Conditional probability densities

pX1|Y1(x | y) = ξ(x, y)P(x) and pY1|X1(y | x) = ξ(x, y)Q(y).

Markov operators A : L2(P)→ L2(Q) and A∗ : L2(Q)→ L2(P),

Af (y) :=

∫
f (x)ξ(x, y)P(x)dx = µSB[f (X1) | Y1](y)

A∗g(x) :=

∫
g(y)ξ(x, y)Q(y)dy = µSB[g(Y1) | X1](x).
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Appendix

First Order Chaos

First order chaos

Ln :=
1
n

n∑
i=1

[f (Xi) + g(Yi)],

where

κ1,0(X1) := µSB

[
η(X1,Y1)−

∫
ηdµSB | X1

]
κ0,1(Y1) := µSB

[
η(X1,Y1)−

∫
ηdµSB | Y1

]
,

and

f = (I −A∗A)−1(κ1,0 −A∗κ0,1)

g = (I −AA∗)−1(κ0,1 −Aκ1,0).
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Appendix

Entropic Formulation of the Discrete Schrödinger Bridge

I P(Perm) probability measures on the set of permutations.
I Ent(q) :=

∑
σ∈Perm q(σ) log q(σ) for q ∈ P(Perm).

qSB = arg min
q∈P(Perm)

[ ∑
σ∈Perm

q(σ)
1
n

n∑
i=1

c(Xi,Yσi) +
ε

n
Ent(q)

]
. (6)
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Appendix

Gibbs Sampling for the Discrete Schrödinger Bridge
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Appendix

Examples

Set c(x, y) = ‖x − y‖2.

Example 8

Let P = Nd(µ1,Σ1) and Q = Nd(µ2,Σ2), then the cost of the population SCB reads

‖µ1 − µ2‖2 + Tr(Σ1) + Tr(Σ2)− 2 Tr

((
Σ

1/2
1 Σ2Σ

1/2
1 +

ε2

16
Id

)1/2

− ε

4
Id

)
. (7)

Example 9

Let P be a density on Rd and Q = P ∗ Nd(0, ε2 Id), then the population SCB and its cost read

µSB(x, y) = P(x)
1

(πε)d/2
exp

(
−1
ε
‖x − y‖2

)
and CSB =

εd
2
. (8)
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Appendix

Convergence of the Transport Cost

Goal: explore the convergence empirically.
I Set c(x, y) = ‖x − y‖2 and ε = 0.1.

I Generate independent samples {Xi}ni=1
i.i.d.∼ P and {Yi}ni=1

i.i.d.∼ Q.
(a) P = N (0, 1) and Q = N (0, 1).
(b) P = Exp(1) and Q = P ∗ N (0, 0.5ε).
(c) P = 0.5N (−1, 0.3) + 0.5N (1, 0.3) and Q = P ∗ N (0, 0.5ε).

I Plot ĈSB :=
∫
cdµ̂SB, ĈEOT :=

∫
cdµ̂EOT, and CSB :=

∫
cdµSB.
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Appendix

Convergence of the Transport Cost
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Figure: Cost versus sample size with ε = 0.1.
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Appendix

Convergence of the Transport Cost

Experimental se�ings.
I Set c(x, y) = ‖x − y‖2, ε = 1, and n = 100.

I Generate independent samples {Xi}100
i=1

i.i.d.∼ P and {Yi}100
i=1

i.i.d.∼ Q.
(a) P = N (0, 1) and Q = N (µ, 1).
(b) P = N (0, 1) and Q = N (0, σ2).

I Plot population cost and relative error (Ĉ − C)/C.
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Appendix

Convergence of the Transport Cost
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Figure: Cost (le�) and relative error (right) versus parameters with ε = 1.0 and n = 100.
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Appendix

Measuring the Distance Between Probability Distributions

I Optimal transport distance:

COT(P,Q) = inf
ν∈CP(P,Q)

∫
c(x, y)dν(x, y).

I Transport cost of the Schrödinger bridge:

CSB(P,Q) :=

∫
c(x, y)dµSB(x, y).

I Centered cost of the Schrödinger bridge:

C̄SB(P,Q) := CSB(P,Q)− 1
2
CSB(P, P)− 1

2
CSB(Q,Q).

I Maximum mean discrepancy (MMD):

MMD(P,Q) := E[k(X ,X ′)] + E[k(Y ,Y ′)]− 2E[k(X ,Y)].
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Appendix

Two Sample Testing

I Generate independent samples {Xi}50
i=1

i.i.d.∼ P and {Yi}50
i=1

i.i.d.∼ Q.
. P = N (0, 1) and Q = N (µ, 1).
. P = N (0, 1) and Q = N (0, σ2).

I Perform two-sample testing using
. DSB with c(x, y) = ‖x − y‖2 and ε.
. Discrete EOT with c(x, y) = ‖x − y‖2 and ε.
. MMD (Gre�on et al. ’12) with kernel k(x, y) = exp(−‖x − y‖2 /ε).
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Appendix

Two-Sample Testing
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Figure: Power versus parameter for Top: N (0, 1) v.s. N (µ, 1); Bo�om: N (0, 1) v.s. N (0, σ2).
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Appendix

f -Divergence

Let f be convex with f (1) = 0.

Df (P‖Q) :=

∫
f
(
dP(x)

dQ(x)

)
dQ(x).

I f (t) = λt log
(

t
λt+1−λ

)
+ (1− λ) log

(
1

λt+1−λ

)
−→ λ-skew Jensen-Shannon divergence.

I f (t) = t+1
2 − t

t−1 log t −→ frontier integral (FI).
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Appendix

Regularity Assumptions

Conjugate generator f ∗(t) = tf (1/t).

Df ∗(P‖Q) = Df (Q‖P).

Assumption. The generator f is twice continuously di�erentiable with f ′(1) = 0. Moreover,

(A1) We have f (0) <∞ and f ∗(0) <∞.

(A2) There exist constants C1,C∗1 such that∣∣f ′(t)∣∣ ≤ C1(1 ∨ log (1/t)) and
∣∣(f ∗)′(t)∣∣ ≤ C∗1 (1 ∨ log (1/t)), for all t ∈ (0, 1).

(A3) There exist constants C2,C∗2 such that

t
2
f ′′(t) ≤ C2 and

t
2

(f ∗)′′(t) ≤ C∗2 , for all t ∈ (0,∞).
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Appendix

Results for the Worst-Case Statistical Error of Divergence Frontiers

Theorem 10
Assume that P and Q are discrete with k = max{|Supp(P)|, |Supp(Q)|}. With probability at
least 1− δ,

sup
λ∈[λ0,1−λ0]

∥∥(KL(P̂n‖R̂λ),KL(Q̂n‖R̂λ)
)
− (KL(P‖Rλ),KL(Q‖Rλ))

∥∥
1

.
1
λ0

[√
log 1/δ

n
+

√
k
n

+
k
n

]
,

for any λ0 ∈ (0, 1).
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Appendix

Experimental Results

I Let Na be the frequency of a and ϕt be the number of symbols appearing t times.
I Add-constant estimators—P̂b(a) ∝ Na + b.

I Good-Turing estimator:

P̂GT(a) ∝
{
Na if Na > ϕNa+1

[ϕNa+1 + 1](Na + 1)/ϕNa otherwise.
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Appendix

Experimental Results

Experiment. Investigate the quantization level k.

(a) N (0, I2) and N (1, I2).

(b) N (0, I2) and N (0, 5I2).

(c) t4(0, I2) and t4(1, I2).

(d) t4(0, I2) and t4(0, 5I2).
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Appendix

Experimental Results

The choice k ∝ n1/3 suggested by the theory works the best empirically.
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Figure: Total error with quantization level k ∝ n1/r on 2-dimensional continuous data.
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