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Introduction

Maximum Likelihood Estimation

Data Z,, ..., Z, “ p.
» Parametric family Pg := {Py : € © C RY}.

v

» Target parameter
0, ::argmin{E[— log Py(Z)] = E[ £(6;2) 1= L(0) }
0eo N——
Loss function Population risk

» Maximum likelihood estimator (MLE)

1o 1

0, = inqg —— log Py(Z;) = — 00, Z) = Ly#0

S L)
mpirical ris
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Introduction

Generalized Linear Models

v

Data Z := (X,Y) € X x ).
Sufficient statistic t : X x )) — RY.

v

v

Reference measure yon ).

Statistical model

v

exp(6" t(x, y))

PO oot 7)an 0

Loss function

v

(6;2) = 07 t(x,y) + log / exp(07 t(x, 7))du(7).
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Introduction

Example: Softmax Regression

» Dataspace ¥ C R"and Y = {1,...,K}.

» Statistical model
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Introduction

Example: Softmax Regression

» Dataspace ¥ C R"and Y = {1,...,K}.
» Statistical model
exp(w, x)
ply = k| x)~ :
K exp(w %)

» Define 0" := (w/,...,w}) and
tx,y)" = (0),...,00,x",00,...,0]).

Then we have

k) POt K)
p(y | %) Zfﬂexp(@”(x’y))
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Introduction

Example: Conditional Random Fields

» Dataspace ¥ =X"and) =Y.

» Conditional random fields on a chain

T—1 T
ply | x) oc exp {Z A6y yern) + D g, yt)} du(y)-

t=1 t=1
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Introduction

Example: Conditional Random Fields

» Dataspace ¥ =X"and) =Y.

» Conditional random fields on a chain

T—1 T
ply | x) oc exp {Z A6y yern) + D g, yt)} du(y)-

t=1 t=1

» Define 0" := (\,...,A\7_1,/t1,..., 1) and
t(x,y)T = (ﬁ(X,YI,YZ),---yfT—I(X, yT—TayT)ag1(Xay1)a" : 7gT(X7 YT))-

Then we have

exp(0" t(x, y))

PV Fo(o e mant)
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Related Work

Related Work: Asymptotic Theory "

Well-specified model: P € Pg
\/E(en - 9*) —d N(07 H:1)7

where H, := H(60,) := V2L(6,).

fCramér ’46, Huber ’74, Ibragimov and Has’minskii ’81, van der Vaart *00.
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Related Work

Related Work: Asymptotic Theory "

Well-specified model: P € Pg
\/E(en - 9*) —d N(07 H:1)7

where H, := H(60,) := V2L(6,).

Mis-specified model: P ¢ Pg
Vn(0, — 0.) =4 N(0, H; "G H, ),

where G, := G(6,) := E[VL(0,; Z)VL(0x; Z)T].

fCramér ’46, Huber ’74, Ibragimov and Has’minskii ’81, van der Vaart *00.
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Related Work

Asymptotic Confidence Set

» Asymptotic normality \/n(0, — 0,) —4 N (0, X).
» Consistent estimator >, —, 3.

> Slutsky’s lemma nHZ,T]/Z(Qn —0,)]13 —=a X%
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Related Work

Asymptotic Confidence Set

» Asymptotic normality \/n(0, — 0,) —4 N (0, X).

» Consistent estimator >, —, 3.

> Slutsky’s lemma n|| X, (6, — 6,)|2 =4 x2-

» Asymptotic confidence set {0 : ”2’71/2(9” —0)]3 < qX§(1 —9)/n}
> Asymptotically tight.
> Valid for n — oo and fixed d.

—— Risk contour
* 0,
Asymp.
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Related Work

Related Work: Non-Asymptotic Theory

Specific models

» Gaussian regression (Baraud ’04).
» Ridge regression (Hsu et al *14).
» Logistic regression (Bach ’10).
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Related Work

Related Work: Non-Asymptotic Theory

Specific models

» Gaussian regression (Baraud ’04).
» Ridge regression (Hsu et al *14).
» Logistic regression (Bach ’10).

General approaches
» Empirical process (Spokoiny '12).

» Convex optimization (Ostrovskii and Bach ’21).
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Related Work

Non-Asymptotic Confidence Set under Strong Convexity

» Excess risk L(0,) — L(0,) < O(n~") with high probability.
» Taylor’s theory ||H(8)"/?(6, — 6,)|3 < O(n~") with high probability.
> Strong convexity H(0) = M implies ||, — 6,]|3 < O((n\)~") with high probability.
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Related Work

Non-Asymptotic Confidence Set under Strong Convexity

>
>
>
>

Excess risk L(0,) — L(6,) < O(n~") with high probability.

Taylor’s theory ||H(A)"/%(6, — 6,)|2 < O(n~") with high probability.

Strong convexity H(0) = M implies ||, — 6,]|3 < O((n\)~") with high probability.
Non-asymptotic confidence set {6 : |0, — 0||> < O((n\)™")}.

> Conservative.

> Valid for all nand d.

Risk contour
* 0,
Non-asymp.
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Related Work

Asymptotic and Non-Asymptotic Confidence Sets

Asymptotic theory Non-asymptotic theory
—1/2
> S0 (00— 0. —a X > (16, — 6,12 < O((m\) 7).
» Slutsky’s Lemma. » Strong convexity.
» Asymptotically tight. » Conservative.
» Valid for n = oo and fixed d. » Valid for all nand d.
Risk contour —— Risk contour
* 6. * 0.
Asymp. Non-asymp.
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Related Work

Asymptotic and Non-Asymptotic Confidence Sets

Asymptotic theory Our contribution

_ —1/2 -
>l (0= 0.)[F —a X > %00~ 815 < O(n7).
» Slutsky’s Lemma. » Self-concordance.

v

Asymptotically tight. > Conservative.
Valid for n > O(d + d,).

v

Valid for n — oo and fixed d.

v

— Risk contour
* 0,
Ours

Risk contour
* 0,

Asymp. Non-asymp.
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Preparation

Non-Asymptotic Theory under Self-Concordance

Non-asymptotic theory: with high probability,
1 -
VL(0,)(0, — 0,) +=(0,— 0,)TH(O) (0, — 6,) = L(0,) — L(6,) < O(n™).
—_— 2 —_—————
0

Excess risk
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Preparation

Non-Asymptotic Theory under Self-Concordance

Non-asymptotic theory: with high probability,
1 _
VL(0,)(0, — 0,) +=(0,— 0,)TH(O) (0, — 6,) = L(0,) — L(6,) < O(n™).
2 —_———

—_————
0 Excess risk
Strong convexity H(0) = A/ Self-Concordance H(0) ~ H,(0,)
Ml = 043 < O(n™"). 1Ha(62)2(6 = 0,113 < O(n™").
T ;(isk contour . .
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Preparation

Strong Convexity versus Self-Concordance

Strong convexity
» Globally lower bounded Hessian.

» No control on how Hessian varies.

— L(#)
—— Quadratic approx.

Liu (UW)
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Preparation

Strong Convexity versus Self-Concordance

Strong convexity Self-concordance
» Globally lower bounded Hessian. » No global lower bound.
» No control on how Hessian varies. » Slowly varying Hessian.
0.8
. — e — 18

—— Quadratic approx. 0.6 —— Quadratic approx.
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Preparation

Self-Concordance

Define Df (x)[u] := - (x + tu)|=o and D*f(x)[u, u] := (‘f—:zf(x + tu)]=o.

Definition 1 (Nesterov and Nemirovskii ’94)

Let f be closed and convex. We say f is self-concordant with parameter R > 0 if

D (x)[u, u, u]| < R|D2F(x)[u, u] |2
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Preparation

Self-Concordance

Define Df (x)[u] := - (x + tu)|=o and D*f(x)[u, u] := (‘f—:zf(x + tu)]=o.

Definition 1 (Nesterov and Nemirovskii ’94)
Let f be closed and convex. We say f is self-concordant with parameter R > 0 if

D (x)[u, u, u]| < R|D2F(x)[u, u] |2

» Newton’s method.
» Interior point methods.

» Most non-quadratic loss functions are not self-concordant.
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Preparation

Pseudo Self-Concordance

Definition 2 (Bach ’10)
Let f be closed and convex. We say f is pseudo self-concordant with parameter R > 0 if

D% (), ul] < Rl ;D3 () ]

» GLMs with ||t(x, y)|| < M are pseudo self-concordant with R = 2M.
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Preparation

Pseudo Self-Concordance

Definition 2 (Bach ’10)

Let f be closed and convex. We say f is pseudo self-concordant with parameter R > 0 if

D% (), ul] < Rl ;D3 () ]

» GLMs with ||t(x, y)|| < M are pseudo self-concordant with R = 2M.

» Hessian approximation:
e V() X VS (y) = b ().
» Localization: x, := arg min, f(x) satisfies
1% = X921 S IV 5251 5

where ||u]| , := VuT Au.
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Preparation

Effective Dimension

Effective dimension d, := Tr() := Tr(H:]/ZG*H;Vz)
» Well-specified model: d, = d.
» Mis-specified model:

> Problem-specific characterization of the complexity of ©.

> /nHY (0, — 0,) —q N(0,Q,).
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Preparation

Effective Dimension

Effective dimension d, := Tr() := Tr(H:]/ZG*H;Vz)
» Well-specified model: d, = d.
» Mis-specified model:

> Problem-specific characterization of the complexity of ©.

> /nHY (0, — 0,) —q N(0,Q,).

Poly-Poly  Poly-Exp  Exp-Poly Exp-Exp
o i e M e Hi
Eigendeca . .
8 y . I-—L'} e Vi ’-—ﬁ e Vi
1if u=v
Ratio d./d dP=eVED graerd d! d7'if p>v
d7 e <y
Liu (UW)
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Main Results

Theorem 3 (Informal)

Under the pseudo self-concordance assumption and other assumptions, whenever

n 2 O(d+ d,),

with probability at least 1 — 6, the MLE 0,, uniquely exists and satisfies

n[|0n = 0«llfy, S di + |ull, log (1/9).
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Main Results

Theorem 3 (Informal)

Under the pseudo self-concordance assumption and other assumptions, whenever

n> 0(d+ d,),

with probability at least 1 — 6, the MLE 0,, uniquely exists and satisfies

n[|0n = 0«llfy, S di + |ull, log (1/9).

» Well-specified model d, = d and [|Q, ||, = 1.
» Recall n||6, — H*Hi,* —d X5,

» Characterize the critical sample size.
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Main Results

Proof Sketch
Pseudo self-concordance: {(-; z) pseudo self-concordant implies L, as well.

v

Localization: |6, — 9*||f_,n(9*) S |\VL,,(9*)\|$_,"(9*),1.
Matrix concentration: H, /2 < H,(0,) = 2H,, which implies

v

v

160 = 0ul3, S IV La(6)I%- -

v

Quadratic form of sub-Gaussian vectors:

nl0,— 9*”/%/* S di + (|||, log (1/9).

October 21, 2022 16/ 24
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Results
Main Results

Confidence bound

» Approximate H, by H,(0,) (Hessian approximation + matrix concentration).
» Approximate G, by G,(6,) (Lipschitz property of the second moment).

» Estimators Q,(0,) := ,,(9,,)—1/ch(0,,)H,,(e,,)—VZ and d, :=Tr (Qn(ﬁn)).

Theorem 4 (Informal)

Under the pseudo self-concordance assumption and other assumptions, whenever
n 2 O(dlogn+d,),

with probability at least 1 — 0, the MLE 6, uniquely exists and satisfies

n |6, — 9*”%—/,,(9,,) S dn + [|2a(60) |, log (1/6).

Liu (UW) October 21, 2022 17/ 24



Results

Numerical Illustration: Approximation of the Effective Dimension

» Least squares: X ~ N(0, I4) and Y = 6] X + N(0,1).
» Logistic regression: X ~ N (0, l4) and P(Y = 1) = o(6, X).

Least squares Logistic regression

Eld,/d, —1]

0.02
0.01 SO
o=l 2]
2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
Sample Size Sample Size
—— d=5 d=10 —_— d=15  eeeees d=20
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Numerical Illustration: Shape of the Confidence Set

» Logistic regression: X ~ N(0,X) and P(Y = 1) = (0, X).

—— Empirical risk contour * O *x 6, 6=0.95
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Extension: Goodness of Fit Testing

Goodness of fit testing

H019*290HH110*7£90.

Test Test statistic 0, =0, 0, =00+w(n "?) 0,=0+0(n""?
Rao’s score HVE,«,(@O)Hi,n(go)_1 O(d/n) 1—o(1) o(1)
Likelihood ratio  2[¢,(60) — £n(6:)] O(d/n) 1—0(1) o(1)
Wald 16, — 00”?-1,,(6,7) Oo(d/n) 1—0o(1) o(1)
Liu (UW)
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Extensions

Extension: Semi-Parametric Estimation

> Nuisance parameter g <€ (G, [-lg).
» Population risk L(0, g) := E[((0, g; Z)].
» Two-step learning procedure based on sample-splitting™

> Obtain a nonparametric estimator g on one sub-sample.
> Estimate 6, via empirical risk minimization on another sub-sample:

6, = arg min L,(0, 8).
0cO

Example 5 (Robinson ’88)

Let Y outcome, D treatment, and X control. Consider

*Chernozhukov et al ’18, Foster and Syrgkanis *20.
Liu (UW) October 21, 2022 21/24



Extensions

Extension: Semi-Parametric Estimation

Theorem 6 (Informal)

Under the pseudo self-concordance and other assumptions, with probability at least 1 — ¢,

d, &
16 = O4llh,, < - log (1/6) + 12 — &llg -

> If gy is p-smooth, it can be estimated at rate O(n—P/(2P+d)),
» The term ||g — gOHé cannot achieve the O(n™ ") rate.

Liu (UW) October 21, 2022 22/24



Extensions

Extension: Semi-Parametric Estimation

Neyman orthogonality (Neyman ’79)

DgVoL(0x, £)[8 — &] = 0.

Theorem 7 (Informal)

Under the pseudo self-concordance, Neyman orthogonality, and other assumptions, with
probability at least 1 — 0,

d, 2
167 — Oull2, S —log (1/0) + llg — &llg -

> If gy is p-smooth, it can be estimated at rate O(n—P/(2P+d)),
» The term ||g — goHé can achieve the O(n™ ") rate as long as p > d/2.

Liu (UW) October 21, 2022 22/24



Extensions

Extension: Semi-Parametric Estimation

Neyman orthogonality (Neyman ’79)

DgVoL(0x, £)[8 — &] = 0.

VoL* VoL
A /
v, g
[,
WV L
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Extensions

Summary

» Non-asymptotic bounds for the M-estimator under self-concordance.
» Finite-sample counterpart of the asymptotic confidence set.
» Characterize the critical sample size enough to enter the asymptotic regime.

» Extension to goodness-of-fit testing and semi-parametric estimation.

Follow-up work with Jillian and Krishna

E Institute for Foundations of Data Science

Liu (UW) October 21, 2022 24/ 24



PLM

Partially Linear Model

Let Y outcome, D treatment, and X control. Consider

Y = Dby + ap(X) + U
D = Bo(X)+ V.

» Partialling out the effect of X
Y = (D = Bo(X))b0 + 0 (X) + U

» Reparameterization gy = (50,70)-

» Neyman orthogonal risk

L(6.8) = E [(Y —4(X) — (D~ B(X))8)’] -

Liu (UW) October 21, 2022 1/2



Proof Sketch for the OSL Estimation Bound

By Taylor’s theorem,
0> Ly(6n, &) — Ln(6s, &)
= VoLn(0x,8)" (00— 02) + 100 — 0.2, 5.0/2
= [VoLn(04. 8) = VoL (6. §)) (6n — 0.) + VoL(0x,8) (0 — 0:) + 160 — 6.1}, 75 /2
> [|VoLn(0x: &) = VoL (s 8l 100 = Oully, + VoL (04, 8) T (6n — 64) + 100 — 6417, 5.5)/2
2 = [V /n+ 12— @lg) 100 — 0l + 160, — 0.1

Liu (UW) October 21, 2022 2/2
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